Extension to Several Random Variables (NOT IN BOOK)

Definition: Consider a random experiment with sample space C. Let random vari-
able X; assign each ¢ € C a real number X;(c) = x;, i = 1,2, ...,n. The space of
these n random variables is

A={(x1, 29, ..., x,) : x1 = X1(¢), ...,y = Xy(c),c € C}.
The distribution of X7, ..., X, is defined by
F(CUl,.CUQ, ,.Cli'n) = P[Xl S CUl,XQ S X, ..,Xn S .Cli'n]

Example 1 Let f(z,y,2) =e Y% for 0 < z,y, 2 < 0o, and find F(x,y, 2).

F(x,y,z) = /OZ /Oy /03j e " dudvdw



=(l-e")(l-e?)1—-e7)
for 0 <z, vy, 2z < .

Compute P X <Y < Z].

PIX <Y <Z]= " [ | e dudydz

_ /Ooo /Oz e_y_z . 6—2y—zdydz

006—32 e~ ? ey
:/0 5 + 5 ¢ dz=1/6




In the continuous case, if we happen to know F' but not the joint probability density
function f, we can find f by differentiating F' once with respect to each of its n
components. In the case of n = 3

O°F(z,y,2)
0x0y0z

= f(z,y,2)

Let X1, X, .., X,, have joint pdf f and let g(X1, Xo, ..., X},) be a function of these
variables such that the n-fold integral

/OO /OO g(:L’l,...,In)f(ilfl,...,an)dl’l"'dxn

—0O0 —0o0

exists, or in the discrete case

Z. . .leg(jljh ...,xn)f(xla 7:’;”)

In

exists. Then the n-fold integral or sum is called the expectation, denoted by
E[Q(Xl, XQ, ceey Xn)]



As in the case of n = 2, we can find the marginal pdfs of the random variables by
intgrating the joint density over the space of the remaining variables conditional on
each value of the variable of interest.

fx,(z1) = /_Ozo fe /_O; flxy, zo, ..., xp)dzy - - - dxy,

Also, when fx,(x1) > 0 we can define the conditional pdf of the remaining variables
given xj.

. f(il’fl, 2, ..., xn)

fi(x1)

The random variables are mutually independent if and only if

flx1, 20, .., 20) = fi(@n) fa(wa) - - - fulwy)



Mutual independence implies pairwise independence. Does pairwise independence
imply mutual independence? Consider the following example.

Example 2 Let f(z1, 29, x3) = 1/4 for
(21,29, 23) € {(1,0,0),(0,1,0),(0,0,1),(1,1,1)}.

Then, for 1 # j
fij(wi, wj) = 1/4
for (z;, xj) € {(0,0),(1,0),(0, 1), (1, 1)}

and f; j(z;, ;) = 0 on all other pairs.



Also, it is easy to see that all marginal pdfs are
filz;) =1/2 for x; = 0,1
Clearly, for i # j f; j(xi, ;) = fi(z;) fj(x;) but it is not the case that
flzr, 2, 23) = fiz1) f2(22) f3(23)

For instance f(1,1,1)=1/4
but fi(1)f2(1)f3(1) = 1/8.

Definition Let the expectation

M(ty,tg,....t,) = Elexp(ti X1 + t2 Xo + - - - + 1, X,)]

exist for all (1, ..., ;) in a neighborhood of the origin. M (t1, ts, ..., t,,) is the moment
generating function for the joint distribution of X1, Xo, ..., X,,.



Example 3: Let X, Y, Z have joint pdf f(z,y,2) =2 +y+2)/3
for 0 < x,y,z < 1.

a. Find the conditional distribution of X and Y given Z = z.

First we find fz(z).
fz(2) = 2/3/01 /01(96 +y + z)dxdy
:g/ol 1/2+y+zdy=§(1/2+z+1/2) —2(z+1)/3

Just to verify this is a density we compute

/01 f:(z)dz = ?2)/01 z 4 1dz = (2/3)(3/2) =1



Now back to the problem. We have found the marginal density of z, so the condi-
tional density is given by

flx,y,2) x+y+z
fz(Z> N z+1

fXYyZ(SUay’Z> =

For 0 <z,y,z < 1.

Just to be careful again, we’ll verify that this is a density:.

/0 /0 fXY|Z L y| dﬂ?dy_/o /()1x+y+zd$dy

: 1
] 11/2+y+zdyzz (z+1)=1

+1




(b) Find the conditional pdf of X given Y and Z.
frzl )—2/1 +y+2d —2(1/2+ +2)
2)=- [ x zdr = - z
Yz\Y, 3 Jo Y 3 Y

Thus, the conditional is given by

_x+y+z
fopcz(lﬂyaz)-—5_+:y_%gz
Now find E[X|Y, Z].
1
E[X‘Yv Z] — /0 foX\Y)Z(-CU’y, Z)dZU

1

1
::U2+y+zﬁag+x@+zMx

- Taay st w2/



Example 4: With the random variables of Example 1, find P[X <Y < Z|Z < 1]

PH{X <Y < Z}Nn{Z < 1}]
P|Z < 1]

PX <Y< Z|Z<1]=

By the fact the the joint pdf factors, we see that f,(z) = e~ on the interval (0, co).
Thus,

PlZ < 1] = /01 e Fdz=1—¢"

By taking advantage of some work done in Example 1, we see that

—3z —z
P[{X<Y<Z}H{Z<1}]:/0162 +62 — e *dz

= 1/6 —1/6e % —1/2et +1/27?



Thus,

1/6 —1/6e73 —1/2e' +1/2e72
1—e !

PIX <Y < Z|Z <1] = ~ 0.0665

Let’s do a little computer simulation to check that
no calculus error was made above.

> x<-rexp(100000)

> y<-rexp(100000)

> z<-rexp(100000)

> x<-x[z<1]

> y<-y[z<1]

> z<-z[z<1]

> mean ((x<y) *(y<z))
[1] 0.06709503

OK, it checks out!



Consider an integral of the form

/- : ~A/f(.7:1, ey Tp)dx1dTy - - - dXy,,
taken over a subset of an n-dimensional space A. Let

y1 = g1(x1, T2, ooy ), Y2 = G2(X1, Tay ooy T,y ooy Yo = Gn(X1, Ta, .., Tyy)
define a one-to-one transformation that maps A onto B.

Denote the corresponding inverse function by

xr1 = hl(yl,QQ, "'7yn)7 T = h2<ylay27 "'73/71)7 ey Iy = hn(ylay27 7yn)

Assume that the partial derivatives of the inverse functions are continuous and not identically
equal to 0 in B.



Oy Oz, 0O

8y1 Byg 8yn
o 0xa .. 922
J — ayl 81/2 8yn

azn axﬂ ... axn
8y1 8y2 6yn

Then

/. : -A/f(xl, ooy T )dxrdxg - - - dyy

= [ [ s s U)o By, s w1 dipdys - - -y



Example 5: Let X, X5, ..., X311 be independent random variables,
each having a gamma distribution with g = 1.

k+1 ]_ 1
f(ZCl, Ly vuny Zlfk_|_1> = Z'El F((XZ),CCZO% e ZT;

for 0 < z; < o0.
Let

fori=1,2,.. k.

Finally, in order to have a one-to-one transformation, let

Yip=X1+Xo+ -+ X



A:{(Zlil,flig, ...,Zlik;+1> 0<z < OO}

B:{<y17"°7y/€7yk+l) 0 < ylaz — 17"7k7y1 Tyt -+ Y < ]-70 <
Yr+1 < 00}

The inverse functions are

i = hi(y1, -, Yn) = Yilk1
fore=1,..,k
and

Lh+1 = hk+1(y1, ,yn> = yk+1(1 — Y — Y — - yk)

We can see that partial derivatives of the inverse functions yield the
Jacobian



Yk+1 o - 0 (7
0 Yk+1 - 0 Y2
J=| : : : =Y
0 0 - Y Yk
—Yk+1 —Yk+1 0 —Yk+1 (1 — 1 =Yy — = yk‘)

To see that J =y}, one can use the following result about determi-
nants ants:

Let A be a p X p matrix with ¢, j element a;;. The cofactor of a;;

denoted by A;; is (—1)""7 times the determinant of A after deleting
the ¢th row and the jth column.

Al =

[ M@

aijAij = Z aijAij

7=1

Consider the case where k + 1 = 3.



Y3 0 Y1
J=| 0 1wy Y2 =
—ys —ys (1 — 11 — 1)

Summing along the 3rd row we have

0 9 Y3 Y1

(1 ()| O U (1)
3301 . ys 0
+(=1)""(1 — y1 — y2) 0 1

= Y501 + 31 + Y51 — v — y2) = 43
Now, recall the density of X1, ..., X,,.

k+1 1

f($17$2,...,$k+1) — 'Hl Qg T
1=

X €

Moy)




If we apply our change of variables formula we find that the joint pdf
of }/17 }/27 ey }/}1?7 Yk—l—l 1S

flha(yi, o Urs1)s oo Rt (Y, - Y1) ||

it A O T 1 L e o
[lon) -+ - T (1)

where a = =M .

We see that terms involving y;.1 in this pdf enter multiplicatively, so
that Y., is independent of Y7, Y5, ..., Y}.



If we integrate this pdf over the space of Y., Y1 we obtain the pdf
of Y1,Ys, ..., Y.

f(yla Y2, 7yn) —

F(O&) a;—1

TN gy — e — )
F(Oél) o F(Oék+1)y1 Y ( Y1 yk)

when 0 < y; and =%, y; < 1.

Random variables Y7, ..., Y, with a joint pdf of this form are said to
have a Dirichlet distribution with parameters aq, ..., ag, 1.

Also, note that Y., has a gamma distribution with parameters
a=xMla;and = 1.

Example: Let’s try another one!



